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I. INTRODUCTION

The objective of many ongoing research projects in high
performance computing (HPC) areas is to develop an advanced
computing and optimization infrastructure for extremely large-
scale graphs on the peta-scale supercomputers. The extremely
large-scale graphs that have recently emerged in various ap-
plication fields, such as transportation, social networks, cyber-
security, and bioinformatics, require fast and scalable analysis
(Fig. 1). The number of vertices in the graph networks has
grown from billions to trillions and that of the edges from
hundreds of billions to tens of trillions (Fig. 2). For example,
a graph that represents the interconnections of all the neurons
of the human brain has over 89 billion vertices and over 100
trillion edges. To analyze these extremely large-scale graphs,
we require a new generation exascale supercomputer, which
will not appear until the 2020s, and therefore, we propose a
new framework of software stacks for extremely large-scale
graph analysis systems, such as parallel graph analysis and
optimization libraries on multiple CPUs and GPUs, hierarchal
graph stores using non-volatile memory (NVM) devices, and
graph processing and visualization systems.
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Fig. 2. Size of graphs in various application fields and Graph500 benchmark

II. GRAPH500 AND GREEN GRAPH500 BENCHMARKS

The Graph500 (http://www.graph500.org) and Green Graph
500 (http://green.graph500.org) benchmarks are designed to
measure the performance of a computer system for applica-
tions that require irregular memory and network access pat-
terns. Following its announcement in June 2010, the Graph500
list was released in November 2010, since when it has been
updated semiannually. The Graph500 benchmark measures
the performance of any supercomputer performing a breadth-
first search (BFS) in terms of traversed edges per second
(TEPS). We implemented the world’s first GPU-based BFS
on the TSUBAME 2.0 supercomputer at the Tokyo Institute
of Technology and gained forth place in the fourth Graph500
list in 2012. The rapidly increasing number of these large-
scale graphs and their applications has attracted significant
attention in recent Graph500 lists (Fig. 2). In 2013, our
project team gained first place in both the big and small
data categories in the second Green Graph 500 benchmarks.
The Green Graph 500 list collects TEPS-per-watt metrics [1].
Our other implementation, which uses both DRAM and NVM
devices and whose objective is to analyze extremely large-



scale graphs that exceed the DRAM capacity of the nodes,
which gained forth place in the big data category in the second
Green Graph500 list.

Application of Graph500: Twitter network
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with source as User 21,804,357

Fellowship network 2009
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Fig. 3. Application of Graph500 benchmarks

Fig. 3 shows an application of the Graph500 benchmark. We
slightly modified the source code for the Graph500 benchmark,
which was applied to making a BFS tree of the Twitter
Fellowship Network 2009. It takes only about 7 ms to make a
BFS tree from a root node, although this graph has 41 million
vertices and 1.47 billion edges.

III. HIGH-PERFORMANCE COMPUTING FOR
MATHEMATICAL OPTIMIZATION PROBLEMS

We also present our parallel implementation for large-scale
mathematical optimization problems. In the last decade, math-
ematical optimization programming (MOP) problems have
been intensively studied in both their theoretical and practical
aspect in a wide range of fields, such as combinatorial opti-
mization, structural optimization, control theory, economics,
quantum chemistry, sensor network location, data mining,
and machine learning. The semidefinite programming (SDP)
problem is a predominant problem in mathematical optimiza-
tion. We have developed a new version of the semidefinite
programming algorithm parallel version (SDPARA), which is
a parallel implementation on multiple CPUs and GPUs for
solving extremely large-scale SDP problems that have over
a million constraints [2], [3]. SDPARA can also perform
parallel Cholesky factorization using thousands of GPUs and
techniques to overlap computation and communication if an
SDP problem has over two million constraints and Cholesky
factorization constitutes a bottleneck. We demonstrated that
SDPARA is a high-performance general solver for SDPs
in various application fields through numerical experiments
at the TSUBAME 2.5 supercomputer, and we solved the
largest SDP problem (which has over 2.33 million constraints),
thereby creating a new world record. Our implementation
also achieved 1.713 PFlops in double precision for large-scale
Cholesky factorization using 2,720 CPUs and 4,080 GPUs [3].

IV. SOFTWARE STACKS FOR EXTREMELY LARGE-SCALE
GRAPH ANALYSIS SYSTEM

In this paper, we finally propose new software stacks for an
extremely large-scale graph analysis system (Fig. 4), which
are based on our current ongoing research studies above.

1) Hierarchal Graph Store: Utilizing emerging NVM de-
vices as extended semi-external memory volumes for
processing extremely large-scale graphs that exceed the
DRAM capacity of the compute nodes, we design highly
efficient and scalable data offloading techniques, PGAS-
based I/O abstraction schemes, and optimized I/O inter-
faces to NVMs.

2) Graph Analysis and Optimization Library: Large-scale
graph data are divided between multiple nodes, and then,
we perform graph analysis and search algorithms, such
as the BFS kernel for Graph500, on multiple CPUs
and GPUs. Implementations, including communication-
avoiding algorithms and techniques for overlapping
computation and communication, are needed for these
libraries. Finally, we can make a BFS tree from an
arbitrary node and find a shortest path between two
arbitrary nodes on extremely large-scale graphs with tens
of trillions of nodes and hundreds of trillions of edges.

3) Graph Processing and Visualization: We aim to perform
an interactive operation for large-scale graphs with hun-
dreds of million of nodes and tens of billion of edges.
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